We introduce a certain subclass of multivalent analytic functions by making use of the principle of subordination between these functions and Cȃtas operator. Such results as subordination and superordination properties, convolution properties, inclusion relationships, distortion theorems, inequality properties, and sufficient conditions for multivalent starlikeness are provide. The results presented here would provide extensions of those given in earlier works. Several other new results are also obtained.
Introduction
Let A p n denote the class of functions of the following form: Let H a, n be the class of analytic functions of the following form:
F z a a n z n a n 1 z n 1 · · · z ∈ U .
1.4
Let f, g ∈ A p n , where f z is given by 1.1 and g z is defined by
Then the Hadanard product or convolution f * g of the functions f z and g z is defined by
We consider the following multiplier transformations. It is easily verified from 1.7 , that
It should be remarked that the class of multiplier transforms I p δ, λ, is a generalization of several other linear operators considered, in earlier investigations see 2-12 . If f z is given by 1.1 , then we have
where
The proof of Theorem 3.1 is thus completed.
Theorem 3.2.
Let q z be univalent in U, 0 / α ∈ C. Suppose also that q z satisfies
If f z ∈ A p n satisfying the following subordination:
and q z is the best dominant.
Proof. Let the function P z be defined by 3.2 . We know that 3.3 holds true. Combining 3.3 and 3.7 , we find that
By Lemma 2.3 and 3.9 , we easily get the assertion of Theorem 3.2. 
3.14
and q z is the best subdominant.
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Proof. Let the function P z be defined by 3.2 . Then
3.15
An application of Lemma 2.4 yields the assertion of Theorem 3.4.
Taking q z 1 Az / 1 Bz in Theorem 3.4, we get the following corollary.
Corollary 3.5. Let q z be convex univalent in U and
−1 ≤ B < A ≤ 1, α ∈ C with Re α > 0. Also let I p δ, λ, f z z p β ∈ H q 0 , 1 ∩ Q, 1 − α I p δ, λ, f z z p β α I p δ 1, λ, f z I p δ, λ, f z I p δ, λ, f z z p β 3.16 be univalent in U. If 1 Az 1 Bz λα A − B z p β 1 Bz 2 ≺ 1 − α I p δ, λ, f z z p β α I p δ 1, λ, f z I p δ, λ, f z I p δ, λ, f z z p β , 3.17 then 1 Az 1 Bz ≺ I p δ, λ, f z z p β ,
3.18
and 1 Az / 1 Bz is best subdominant.
Combining the above results of subordination and superordination. We easily get the following "Sandwich-type result".
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Corollary 3.6. Let q 1 z be convex univalent and let q 2 z be univalent in U, α ∈ C, Re α > 0. Let q 2 z satisfies 3.6 . If
is univalent in U, also
and q 1 z , q 2 z are, respectively, the best subordinate, and dominant.
Theorem 3.7. Let f z ∈ A p n , ξ ∈ C \ {0}, and 0 ≤ γ < 1. Also let the function ϕ be defined by
If ϕ satisfies one of the following conditions:
Re ξ Re ξ < 0 ,
3.23
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Proof. We define the function φ z by
3.26
It is easy to see that the function φ is analytic in U with φ 0 0. Differentiating both sides of 3.26 with respect to z logarithmically, we get
3.27
We now consider the function ϕ defined by
Assume that there exists a point z 0 ∈ U such that Re ξ Re ξ < 0 ,
3.31
I ϕ z 0 I ξ |ξ| 2 zφ z 0 φ z 0 k |ξ| 2 I ξ −k |ξ| 2 I ξ ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ ≤ − 1 |ξ| 2 I ξ I ξ > 0 , 0 I ξ 0 , ≥ − 1 |ξ| 2 I ξ I ξ < 0 .
3.32
But the inequalities in 3.31 and 3.32 contradict, respectively, the inequalities in 3.23 and 3.24 . Therefore, we can conclude that
which implies that
We thus complete the proof of Theorem 3.7.
From Theorem 3.7, we easily get the following result for the class ß β of Bazilevič functions of type β. 
The bound R α, β, , λ, p is the best possible.
Proof. Suppose that
where h is analytic and has a positive real part in U. By taking the derivatives in the both sides in equality 3.37 and using 1.9 , we get
3.38
By making use of the following well-known estimate see 25 :
in 3.38 , we obtain that
for r < R α, β, , λ, p , where R α, β, , λ, p is given by 3.36 .
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To show that the bound R α, β, , λ, p is the best possible, we consider the function f z ∈ A p n defined by
By noting that
for z R α, β, , λ, p , we conclude that the bound is the best possible. Theorem 3.9 is thus proved. 
where w z is analytic in U with w 0 0 and |w z | < 1 z ∈ U .
Proof. Suppose that f z ∈ ß α,β p δ, λ, ; n; A, B . It follows from 3.1 that
where w z is analytic in U with w 0 0 and |w z | < 1 z ∈ U . By virtue of 3.44 , we easily find that 
3.47
Proof. Suppose that f z ∈ ß α,β p δ, λ, ; n; A, B with Re α > 0. We know that 3.1 holds true, which implies that
It is easy to see that the condition 3.48 can be written as follows:
Combining 1.9 , 1.10 , and 3.49 , we easily get the convolution property 3.47 asserted by Theorem 3.11. 
3.50
Proof. Suppose that f z ∈ β α 2 ,β p δ, λ, ; n; A 2 , B 2 . We know that
3.51
Since Let ρ denote the class of functions of the following form:
which are analytic and convex in U and satisfy the following condition:
Re t z > 0 z ∈ U .
3.57
By making use of the principle of subordination between analytic functions, we introduce the subclasses S * p,n μ, φ and C p,n μ, φ of the class A p n :
